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ABSTRACT
We consider massless higher-order gravities in general D = d+ 1 dimensions, which are
Einstein gravity extended with higher-order curvature invariants in such a way that the
linearized spectrum around the AdS vacua involves only the massless graviton. We derive
the covariant holographic two-point functions and find that they have a universal structure.
In particular, the theory-dependent overall coefficient factor CT can be universally expressed
by (d− 1)CT = ℓ(∂a/∂ℓ), where a is the holographic a-charge and ℓ is the AdS radius. We
verify this relation in quasi-topological Ricci polynomial, Einstein-Gauss-Bonnet, Einstein-
Lovelock and Einstein cubic gravities. In d = 4, we also find an intriguing relation between
the holographic c and a charges, namely c = 13ℓ(∂a/∂ℓ), which also implies CT = c.
†liyuezhou@tju.edu.cn ∗mrhonglu@gmail.com ‡makey@mail.bnu.edu.cn
Contents
1 Introduction 3
2 The Covariant Structure of Two-Point Functions 5
2.1 The holographic dictionary . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Linear perturbations and graviton modes . . . . . . . . . . . . . . . . . . . 7
2.3 Covariant two-point functions . . . . . . . . . . . . . . . . . . . . . . . . . . 12
3 Einstein-Gauss-Bonnet Gravity 15
4 Einstein-Lovelock Gravities 18
5 Einstein-Riemann Cubic Gravities 20
5.1 The action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
5.2 Two-point functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
6 Conclusion 24
A Asymptotic Behavior of Hankel Functions 25
2
1 Introduction
Since it was proposed decades ago, the AdS/CFT correspondence [1] has been widely em-
ployed to deal with strongly coupled conformal field theories (CFT) by studying their dual
classical anti-de Sitter (AdS) gravities. For instance, arising from the holographic renor-
malization procedure [2–4], the AdS/CFT correspondence provides a more manageable
approach to compute n-point functions [5–10]. The basic idea of the AdS/CFT correspon-
dence is the field-operator duality [6], which states that any field φ defined in the bulk
has the corresponding gauge invariant operator Oφ defined in the boundary. The bound-
ary value φ0 of φ is identified as the source coupled to the operator, and furthermore the
partition function of the boundary CFTd is identified with the on-shell action of AdSd+1
gravities [5, 6]
Sgr
∣∣∣
φ0
= 〈exp(−
∫
ddxφ0Oφ)〉 . (1.1)
With this identification, the n-point functions of the operator Oφ of the CFTd can be
computed by evaluating the on-shell action of the gravity theories:
〈Oφ(x1) · · · Oφ(xn)〉 ∼ δ
nS
δφ0(x1) · · · δφ0(xn) ∼
δn−1〈Oφ(x1)〉
δφ0(x2) · · · δφ0(xn) . (1.2)
In pure gravities, the only available field is the metric, and the corresponding operator is
the energy-momentum tensor of the boundary CFT. The corresponding two-point functions
in Einstein gravities in general dimensions were previously obtained [9].
In this paper, we consider Einstein gravity in D = d + 1 dimensions, extended with
higher-order curvature invariants. Quadratically-extended gravity was shown to be renor-
malizable in four dimensions, but the theory contains additional massive scalar and ghostlike
massive spin-2 modes [11]. There exists a critical point in the parameter space such that
the massive spin-2 modes become log modes [12, 13]. The covariant two-point functions in
four-dimensional critical gravity were obtained in [14]. Analogous two-point functions in
four-dimensional conformal gravity were also obtained in [15].
In this paper, we shall focus on higher-order gravities whose linearized spectrum around
the AdS vacuum contains only the (massless) graviton. In other words, we consider special
classes of the higher-order curvature invariants such that the massive scalar and spin-2
modes are decoupled from the linearized theory around the AdS vacuum. Such combinations
include the well-known Gauss-Bonnet and the more general Lovelock series [16]. In fact,
if we consider only Riemann curvature polynomials, then the linearized spectrum on the
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AdS vacuum contains at most an additional massive scalar and/or a massive spin-2 mode,
the decoupling of these two modes requires only two linear constraints on the coupling
constants. (A comprehensive discussion in this context can be found in [17–19].) For the
quadratic Riemann invariants, these two constraints lead to the Gauss-Bonnet combination.
For cubic Riemann invariants, which have a total of eight independent structures, the
constraints lead to a six-parameter family of combinations, including the cubic Lovelock
terms. If one considers only Ricci polynomials, the resulting theory is quasi-topological
in that the linearized theory around the AdS vacuum is identical to that of pure Einstein
gravity [20]. We refer all these theories to “massless higher-order gravities.” The subject has
attracted considerable attention and many massless higher-order gravities were constructed
in literature [21–26].
In this paper, we compute covariant holographic two-point functions in massless higher-
order gravities. We follow the method of [14, 15], developed for four dimensions. We
generalize to general D = d+1 dimensions and obtain explicit covariant two-point functions
for the boundary energy-momentum tensor. The results can be written compactly as
〈Tij(x)Tkl(0)〉 =
N2 CT Iijkl(x)
x2d
, (1.3)
where N2, given by section 2.3, is a numerical constant depending only on d. The boundary
spacetime tensor Iijkl(x) is defined by
Iijkl(x) = 12
(
Iik(x)Ijl(x) + Iil(x)Ijk(x)
) − 1dηijηkl , Iij(x) = ηij − 2xixjx2 , (1.4)
where xi’s are the cartesian coordinates of the boundary Minkowski spacetime ηij. The
structure matches the results of CFT [28–30], and also matches the results of Einstein
gravity [9] and Gauss-Bonnet gravity [31]. In literature, the overall coefficient N2CT is
denoted as CT . In this paper, we strip off the inessential (in the current context,) universal
numerical constant N2 from CT and focus on the dimensionful quantity CT instead.
The coefficient CT depends on the detail of the theory; however, for massless higher-order
gravities, we find that there is a universal expression relating CT to the a-charge:
CT = 1
d− 1 ℓ
∂a
∂ℓ
, (1.5)
where a is the coefficient of the Euler density in the holographic conformal anomaly, and is
typically referred to as the a-charge. (See, e.g. [33–37].) The parameter ℓ is the radius of
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the AdS vacuum. It is important to emphasize that the a-charge in (1.5) must be expressed
in terms of ℓ and the bare coupling constants of the higher-order curvature invariants as
independent parameters, with the bare cosmological constant Λ0 solved in terms of these
quantities by the equations of motion, as was done in [32]. This way of expressing the
a-charge is different from those in literature (e.g. [31]) where the bare cosmological constant
is typically an explicit parameter in the expression. It is also worth pointing out that
the inessential and universal numerical dependence on π and d were stripped off from our
definitions of CT and the a-charge so that the relation (1.5) is simple.
Even though the concept of anomaly makes sense only in odd bulk D dimensions, the
central charge a can be nevertheless defined in general dimensions [32, 38, 39]. We verify
the expression (1.5) for Einstein gravity, quasi-topological Ricci polynomial gravities [20],
Einstein-Gauss-Bonnet gravity, and more general Lovelock gravities [16] and furthermore
Einstein-cubic gravities [32].
The paper is organized as follows. In section 2, we solve the full linear massless graviton
perturbations around the AdS vacuum of flat Minkowski boundary in general dimensions.
We give a well-defined basis to express the solutions covariantly and compactly. Under the
basis we adopt, we obtain the covariant and universal structure of two-point functions in
general dimensions. We find Einstein gravity and general quasi-topological Ricci polynomial
gravities satisfy the relation (1.5) directly. In section 3, we study Einstein gravity extended
with the Gauss-Bonnet term. We perform the Fefferman-Graham (FG) expansion of the
flat AdS boundary to obtain the one-point function, and read off CT in two-point functions.
We demonstrate that (1.5) is valid. In section 4, we consider general Einstein-Lovelock
gravities. We obtain CT , calculate the holographic a-charge and show that (1.5) is indeed
satisfied. In section 5, we repeat the verification for the general Einstein-Riemann cubic
gravities where the massive modes are decoupled. We conclude the paper in section 6. In
appendix A, we exhibit the details of the asymptotic behavior of the linear perturbative
solutions.
2 The Covariant Structure of Two-Point Functions
2.1 The holographic dictionary
We begin with a brief review of how to compute the two-point function based on the holo-
graphic dictionary. We assume that our gravity theory admits an AdS vacuum with radius
ℓ. Furthermore, we restrict ourselves to consider the AdS spacetime with the flat boundary
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throughout this paper. The metrics of the asymptotic AdS in D = d + 1 dimensions take
the form
ds2 =
ℓ2
r2
dr2 + hijdx
idxj =
ℓ2
r2
dr2 + r2gijdx
idxj . (2.1)
In this coordinate system, the AdS boundary is located at r → ∞. At the asymptotic
region, the FG expansion of gij is
gij = g
(0)
ij +
g
(d)
ij
rd
+ · · · , (2.2)
for theories with only the massless graviton modes. The leading g
(0)
ij is interpreted as the
source of the boundary CFT in the context of the holographic dictionary [4], and the two-
point function can be obtained, as by (1.2),
〈TijTkl〉 = 2 δ〈Tij〉
δg(0)kl
. (2.3)
Therefore, for the purpose of computing the two-point functions, we shall first obtain the
one-point function of the holographic energy-momentum tensor. It turns out to be [40]
〈Tij〉 = Tij(h)rd−2
∣∣
r→∞
= − 2√
g(0)
δS
δg(0)ij
, (2.4)
where Tij(h) is the Brown-York energy-momentum tensor associated with the embedding
boundary metric hij
Tij(h) = − 2√
h
δS
δhij
. (2.5)
The holographic dictionary [4] then gives us
〈Tij〉 ∼ g(d)ij . (2.6)
For example, the one-point function of pure Einstein gravity is given by [40,41]
〈Tij〉 = d
16πℓ
g
(d)
ij . (2.7)
Thus the computation of the two-point function (2.3) now involves the evaluation of the
quantity
δg
(d)
ij
δg(0)kl
. (2.8)
6
In other words, the main task is to determine how the response mode g
(d)
ij depends on the
source g
(0)
ij around the AdS vacuum. In order to obtain the result covariantly, we closely
follow the method developed in [14, 15] for D = 4 dimensions. We generalize the method
to general D = d+ 1 dimensions and obtain the complete linear perturbations around the
AdS backgrounds, and then rewrite solutions in terms of the metric basis covariantly and
compactly. This enables us to read off (2.8) explicitly.
2.2 Linear perturbations and graviton modes
2.2.1 Transverse-traceless modes
In order to evaluate (2.8), we start with the pure AdS background with the Minkowski
boundary, i.e. hij = r
2ηij in (2.1). We turn on the perturbation hˆij = r
2fij so that the
metric is
ds2 =
ℓ2
r2
dr2 + r2ηijdx
idxj + hˆijdx
idxj . (2.9)
In this paper, we consider Einstein gravity extended with higher-order curvature invariants.
The linear spectrum in general contains massive scalar and spin-2 modes, in addition to
the usual massless graviton. We shall restrict ourselves to consider theories where these
additional modes are decoupled and only the graviton survives. These theories were referred
to as massless higher-order gravities in the introduction. The decoupling of the ghostlike
massive spin-2 modes is clearly necessary for a healthy theory; it was shown that it is also
necessary for the massive scalar modes to be decoupled in order for the theory to have a
holographic a-theorem [32]. For massless higher-order gravities, the linearized equations of
motion around the AdS vacuum is simply of the graviton mode. For simplicity, we restrict
ourselves to the transverse-traceless gauge, in which the perturbation satisfies the conditions
∇jhˆij = 0 , hˆ = 0 . (2.10)
The linearized equation is then given by
κeff (˜+
2
ℓ2
)hˆij = 0 , (2.11)
where κeff is given by
κeff =
1
16π
+ · · · . (2.12)
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The first term comes from Einstein gravity where the Newton’s constant is set to unity, and
the ellipses denote the the contributions from the higher-order curvature invariants. The
Laplacian ˜ in (2.11) is defined with respect to the pure AdS background. Explicitly, we
have
r2
ℓ2
hˆ′′ij + (d− 3)
r
ℓ2
hˆ′ij − 2(d − 2)
1
ℓ2
hˆij +
1
r2
hˆij = 0 , (2.13)
where  is the Laplacian with respect to the flat Minkowski metric ηij. The equation can
be solved completely by separation of variables
hˆij = e
−ip·xΨij(r) . (2.14)
For convenience, we first consider the time-like modes and we choose pi = Eδ
t
i . The solutions
are
fij = e
−iEt r−
d
2
(
caijJ d
2
(
Eℓ
r
) + cbijY d
2
(
Eℓ
r
)
)
, (2.15)
where J and Y are the first and second kind Bessel functions respectively and (caij , c
b
ij) are
integration constants. Thus we see that the perturbative functions fij can be expanded as
fij = f
(0)
ij + · · ·+
f
(d)
ij
rd
+ · · · . (2.16)
In this context, we have
δg
(0)
ij = f
(0)
ij , δg
(d)
ij = f
(d)
ij . (2.17)
Note that the terms in the first ellipses of (2.16), which are absent in (2.2), are due to the
fact that the boundary metric becomes no longer flat with the perturbations.
The quantity (2.8) is not yet well defined for general integration constants caij and c
b
ij .
One needs to impose further an in-falling boundary condition at the Poincare horizon r→ 0,
namely
fij
∣∣∣
r→0
∼ e−iE(t− ℓr ) . (2.18)
Approaching to r→ 0, the Bessel functions J and Y have the following asymptotic behaviors
J d
2
(
Eℓ
r
) ∼
√
2r
πℓE
cos
(Eℓ
r
− dπ
4
− π
4
)
, Y d
2
(
Eℓ
r
) ∼
√
2r
πℓE
sin
(Eℓ
r
− dπ
4
− π
4
)
, (2.19)
we therefore must impose
cbij = ic
a
ij . (2.20)
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The solutions with the right boundary and gauge conditions (2.10) are
fij = e
−iEt r−
d
2 caijH d
2
(
Eℓ
r
) , cait = 0 , c
a
ijη
ij = 0 , (2.21)
where H is the first kind Hankel function. It is clear that we have a total of (d−2)(d+1)/2
independent physical modes under the transverse-traceless gauge.
2.2.2 PBH transformation - all modes
We obtained the (d− 2)(d+1)/2 solutions of the linearized Einstein equation (2.11) in the
transverse-traceless gauge. It is necessary to find out the full d(d + 1)/2 modes in order
to obtain the covariant two-point functions. The missing modes are pure gauge and can
be generated by the PBH transformation, which refers to a particular diffeomorphism that
remains within the FG coordinates [35]
hˆµν → hˆµν +∇µξν +∇νξµ , hˆrr = 0 , hˆir = 0 . (2.22)
The ansatz for PBH transformation is given by
ξµ = e
−iEtξˆµ . (2.23)
To avoid ambiguity, we denote i˜ as the space-like indices on the boundary, i.e i = (t, i˜). The
PBH equations in (2.22) thus imply
hˆrr = 0 : ξˆ
′
r +
1
r
ξˆr = 0 ,
hˆi˜r = 0 : ξˆ
′
i˜
− 2
r
ξˆi˜ = 0 ,
hˆtr = 0 : −(iE ξˆr + 2
r
ξˆt) + ξˆ
′
t = 0 . (2.24)
These equations can be solved explicitly:
ξˆr =
br
r
, ξˆi˜ = b˜ir
2 , ξˆt = btr
2 − 1
2
brE , (2.25)
where (br, bt, b˜i) are the integration constants associated with the d+ 1 pure gauge modes.
Substituting (2.25) into the first equation of (2.22), and recalling the original transverse
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and traceless solutions (2.21), we arrive at the full set of the d(d + 1)/2 solutions
ftt = −e−iEt
(
2ibtE + br(
2
ℓ2
+
E2
r2
)
)
, ft˜i = −ie−iEtb˜iE ,
fi˜j˜ = e
−iEt
(
r−
d
2 ca
i˜j˜
H d
2
(
Eℓ
r
) +
2
ℓ2
br δ˜ij˜
)
. (2.26)
2.2.3 Metric basis
Although the integration constants ca
i˜j˜
, bt, b˜i in the solutions given by (2.26) carry the
boundary spacetime indices, they are not the spacetime tensors. It is thus necessary to
construct a symmetric tensor basis in terms of which the solutions can be expressed. For
this purpose, we consider the vielbein e
(k)
i for the Minkowski metric:
ηij = −e(0)i e(0)j + e(1)i e(1)j + · · ·+ e(k)i e(k)j + · · ·+ e(d−1)i e(d−1)j . (2.27)
From these vielbein, we can construct the d(d + 1)/2 symmetric tensors:
P(k)ij = e(0)i e(k)j + e(k)i e(0)j , 1 ≤ k ≤ d− 1 ,
Q(k)ij = e(1)i e(1)j − e(k+1)i e(k+1)j , 1 ≤ k ≤ d− 2 ,
L(m,n)ij = e(m)i e(n)j + e(n)j e(m)i , m 6= n and 1 ≤ m,n ≤ d− 1 ,
Mij = e(0)i e(0)j . (2.28)
The full solutions in (2.26) can now be expressed as a matrix representation in terms of
these boundary spacetime tensors:
f
R(k)
ij = e
−iEtE P(k)ij , 1 ≤ k ≤ d− 1 ,
f
R(k+d−1)
ij = e
−iEtr−
d
2H d
2
(Eℓ
r
)Q(k)ij , 1 ≤ k ≤ d− 2 ,
f
R(k+2d−3)
ij = e
−iEtr−
d
2H d
2
(Eℓ
r
)L(m,n)ij , 1 ≤ k ≤ 12(d− 1)(d − 2) ,
f
R( 1
2
(d2+d−2))
ij = e
−iEtE2Mij , fR(
1
2
d(d+1))
ij = e
−iEt
(ηij
ℓ2
− E
2
2r2
Mij
)
, (2.29)
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where the superscripts R(n), with n = 1, 2, · · · , d(d+ 1)/2, denote the n’th representation.
Note we have pi = Eδ
t
i , this fact can be used to make (2.29) covariant, i.e.
f
R(k)
ij = e
−ip·x
(
pie
(k)
j + pje
(k)
i
)
, 1 ≤ k ≤ d− 1 ,
f
R(k+d−1)
ij = e
−ip·xr−
d
2H d
2
( |p|ℓ
r
)Q(k)ij , 1 ≤ k ≤ d− 2 ,
f
R(k+2d−3)
ij = e
−ip·xr−
d
2H d
2
( |p|ℓ
r
)L(m,n)ij , 1 ≤ k ≤ 12(d− 1)(d − 2) ,
f
R( 1
2
(d2+d−2))
ij = e
−ip·xpipj , f
R( 1
2
d(d+1))
ij = e
−ip·x(
ηij
ℓ2
− 1
2r2
pipj) . (2.30)
We now introduce the metric basis EI where the index I runs from 1 to d(d + 1)/2
Ekij = pie
(k)
j + pje
(k)
i , 1 ≤ k ≤ d− 1 ,
Ek+d−1ij = Q(k)ij , 1 ≤ k ≤ d− 2 ,
Ek+2d−3ij = L(m,n)ij , 1 ≤ k ≤ 12(d− 1)(d − 2) ,
E
1
2
(d2+d−2)
ij = pipj , E
1
2
d(d+1)
ij = ηij . (2.31)
However, this set of basis suffers from the fact that the traceless part is not orthogonal. To
rescue this representation, we follow the Schmidt orthogonalization procedure to define a
new basis, which is given by
E˜Iij =
√
2(I − d+ 1)
I − d+ 2
(
EIij −
1
I − d+ 1
I−1∑
K=d
EKij
)
, d ≤ I ≤ 2d− 3 ,
E˜Iij = E
I
ij , other I . (2.32)
This set of basis satisfies the following important orthogonal condition which is useful for
computing the two-point functions
E˜IijE˜
ij
K = 2δ
I
K , d ≤ I ≤
d2 + d− 4
2
, 1 ≤ K ≤ d(d+ 1)
2
. (2.33)
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With this set of basis in hand, we can rewrite (2.30) as
f
R(k)
ij = e
−ip·xE˜kij , 1 ≤ k ≤ d− 1 ,
f
R(k+d−1)
ij = e
−ip·xr−
d
2H d
2
( |p|ℓ
r
)
E˜k+d−1ij , 1 ≤ k ≤ d− 2 ,
f
R(k+2d−3)
ij = e
−ip·xr−
d
2H d
2
( |p|ℓ
r
)
E˜k+2d−3ij , 1 ≤ k ≤ 12(d− 1)(d− 2) ,
f
R( 1
2
(d2+d−2))
ij = e
−ip·xE˜
1
2
(d2+d−2)
ij ,
f
R( 1
2
d(d+1))
ij = e
−ip·x
( 1
ℓ2
E˜
1
2
d(d+1)
ij −
1
2r2
E˜
1
2
(d2+d−2)
ij
)
. (2.34)
In conclusion, the perturbative solutions can be now written in a more compact form
fij =
∑
I
BI(p, r)E˜
I
ij , (2.35)
where BI(p, r) can be read off in (2.34). (Note that spin-2 or higher-spin modes in global
AdS coordinates can be found in [42,43].)
2.3 Covariant two-point functions
2.3.1 Momentum space
It follows from (2.16) and (2.35) that we have, up to some normalization factor (see appendix
A for details,) that
f
(0)
ij =
d(d+1)
2∑
I=1
AI(p)E˜
I
ij , f
(d)
ij = N(d, p)
d
2+d−4
2∑
I=d
AI(p)E˜
I
ij , (2.36)
where the coefficient N(d, p) is given in appendix A; its expression depends on whether d
is even or odd. Note we have the orthonormal relation (2.33), which immediately implies
that
AI(p) =
1
2
f
(0)
ij E˜
ij
I , d ≤ I ≤
d2 + d− 4
2
. (2.37)
Therefore, the properly normalized graviton modes in the tensor basis are given by
f
(d)
ij =
1
2N(d, p)
d
2+d−4
2∑
I=d
E˜IklE˜
I
ijf
(0)kl . (2.38)
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It is instructive to introduce the boundary spacetime tensors
Θij(p) = p
2
∑
k
e
(k)
i e
(k)
j = ηijp
2 − pipj ,
∆dijkl(p) =
1
2 (ΘikΘjl +ΘilΘjk)− 1d−1ΘijΘkl . (2.39)
We can readily verify that
d
2+d−4
2∑
I=d
E˜IklE˜
I
ij =
2
p4
∆dijkl(p) . (2.40)
Consequently, it follows from (2.8), (2.17), (2.38) and the detail expression for N(d, p) given
in appendix A, that we have, in momentum space,
δg
(d)
ij
δg(0)kl
=

−2
−dπℓd
(
−i+cot(dπ
2
)
)
Γ(d
2
+1)Γ(d
2
)
∆dijkl(p) p
d−4, d is odd;
− 2−d+1ℓd
Γ(d
2
+1)Γ(d
2
)
∆dijkl(p) p
d−4 log p, d is even.
(2.41)
The structure matches the two-point functions of the energy-momentum tensor of a d-
dimensional CFT in the momentum space [30].
2.3.2 Configuration space
We now transform the two-point functions in momentum space (2.41) into those in config-
uration space. In the configuration space, we introduce two tensor operators
Θˆij = ∂i∂j − ηij ,
∆ˆdijkl =
1
2(ΘˆikΘˆjl + ΘˆilΘˆjk)− 1d−1 ΘˆijΘˆkl . (2.42)
We then have
δg
(d)
ij
δg(0)kl
=

−2
−dπℓd(−i+cot(dπ
2
))
Γ(d
2
+1)Γ(d
2
)
∆ˆdijkl
( ∫ ddp
(2π)d
e−ip·xpd−4
)
, d is odd;
− 2−d+1ℓd
Γ(d
2
+1)Γ(d
2
)
∆ˆdijkl
( ∫ ddp
(2π)d
e−ip·xpd−4 log p
)
, d is even.
(2.43)
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In order to compute the integrals, we use the formulae
∫
ddp
(2π)d
e−ip·xpn =
2n
π
d
2
Γ
(
d+n
2
)
Γ
(−n2 ) 1xn+d ,∫
ddp
(2π)d
e−ip·xpn log p =
d
dn
∫
ddp
(2π)d
e−ip·xpn . (2.44)
Hence, we have
δg
(d)
ij
δg(0)kl
=
iℓdΓ(d− 2)
16π
d
2
−1Γ(d2 + 1)Γ(
d
2 )Γ(2− d2)
∆ˆdijkl
( 1
x2(d−2)
)
, d is odd ;
δg
(d)
ij
δg(0)kl
= − ℓ
dΓ(0, 2 − d2)Γ(d− 2)
16π
d
2Γ(d2 + 1)Γ(
d
2 )Γ(2− d2)
∆ˆdijkl
( 1
x2(d−2)
)
, d is even . (2.45)
Here Γ(0, z) ≡ Γ′(z)/Γ(z) is a digamma function. Evaluating the quantity ∆ˆdijkl(x−2(d−2)),
it turns out that (2.45) is equivalent to
δg
(d)
ij
δg(0)kl
=
i(d+ 1)d(d − 2)2Γ(d− 2)
4π
d
2
−1Γ(d2 + 1)Γ(
d
2 )Γ(2 − d2)
ℓd Iijkl(x)
x2d
, d is odd ; (2.46)
δg
(d)
ij
δg(0)kl
= −(d+ 1)d(d − 2)
2Γ(0, 2− d2)Γ(d− 2)
4π
d
2Γ(d2 + 1)Γ(
d
2 )Γ(2− d2 )
ℓd Iijkl(x)
x2d
, d is even ,
where Iijkl(x) is given by (1.4). It is convenient to introduce the purely numerical factors
N1 =

i
2d+2Γ(d
2
)2
, d is odd;
− 1
2d+1πΓ(d
2
)2
, d is even;
N2 =
Γ(d+ 2)
8(−1) d2 (π) d2+1(d− 1)Γ(d2 )
, for both even and odd d. (2.47)
Note that the (−1)d/2 in the denominator arises in Lorenzian signature and it is absent in
Euclidean signature. The two-point functions can be now compactly written as
〈Tij(p)Tkl(0)〉 =

N1 CT ∆dijkl(p)pd−4, d is odd;
N1 CT ∆dijkl(p)pd−4 log p, d is even,
(2.48)
〈Tij(x)Tkl(0)〉 = N2 CT Iijkl(x)x−2d , for both even and odd d, (2.49)
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where the constant CT depends the details of a specific theory. The simplest example is
Einstein gravity, and it follows from (2.7) that we have
CT = ℓd−1 . (2.50)
Note that in literature, the overall factor N2CT of the two-point function in the configuration
space is denoted as CT . In this paper, we strip off the universal purely numerical factor N2
and introduce the dimensionful quantity CT , which is chosen as our convention to have a
simple dependence on the AdS radius ℓ in the case of Einstein AdS gravity, as in (2.50).
For general massless higher-order gravities with linearized equation (2.11), we expect
that CT = 16πκeffℓd−1. At the first sight, this theory-dependent expression should not be
called universal; furthermore, it is expressed in terms of quantities of dual gravity rather
than those of the CFT itself. However, as we discussed in the introduction, we further find
a universal expression (1.5). Indeed for Einstein gravity, the holographic a-charge is
a = ℓd−1 . (2.51)
It follows that the identity (1.5) is valid straightforwardly. It should be pointed out that
we have also stripped off some inessential overall purely numerical factors of the a-charge
presented in literature, so that the identity (1.5) is simple, without encumbered with tedious
and inessential numerical numbers. We use Einstein AdS gravity in general dimensions to
set the convention for the identity. It is of interest to test this identity for more general
theories. For general Ricci-polynomial gravities, it was shown [20] that the decoupling of
all the massive modes implies that the linearized theory around the AdS vacua is identical
to that of Einstein theory and hence the identity (1.5) is trivially valid for all these quasi-
topological theories. In all these cases, we have a stronger claim that CT = a. In the next
three sections we shall establish the identity (1.5) with further nontrivial examples.
3 Einstein-Gauss-Bonnet Gravity
In this section, we consider Einstein gravity extended with the Gauss-Bonnet term in D =
d+ 1 ≥ 5 dimensions. For appropriate bare cosmological constant Λ0 = d(d− 1)/(2ℓ20) and
the bare coupling constant α, the theory admits AdS vacuum of radius ℓ. For the flat AdS
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boundary, the total action is given by (see, e.g [45],)
Stot = Sbulk + SGH + Sct ,
Sbulk =
1
16π
∫
M
dd+1x
√−g
(
R+
d(d− 1)
ℓ20
+ α(R2 − 4RµνRµν +RµνρσRµνρσ)
)
,
SGH =
1
8π
∫
∂M
ddx
√
−h
(
K − 2α
3
(K3 − 3KK(2) + 2K(3))
)
,
Sct = − 1
8π
∫
∂M
ddx
√
−h (d− 1)(ℓ2 − 23(d− 3)(d− 2)α)ℓ−3 , (3.1)
where K(2) ≡ KijKji , K(3) ≡ KijKjkKki , and (ℓ0, α) and ℓ are related via the equations of
motion by
1
ℓ20
− 1
ℓ2
+
(d− 2)(d − 3)α
ℓ4
= 0 . (3.2)
The linearized theory around the AdS vacua involves only the graviton (2.11) with [46]
κeff =
1
16π
(
1− 2α(d− 2)(d − 3)
ℓ2
)
. (3.3)
Note that in higher-derivative gravities, after setting the Newton’s constant to unity, the
non-trivial parameters are the bare cosmological constant and bare coupling constants of
higher-order curvature invariants such as α for the Gauss-Bonnet term. When such a theory
admits the AdS spacetime of radius ℓ, these constants and ℓ are related by an algebraic
equation such as (3.2) from the equations of motion. In this paper, we always treat the
AdS radius ℓ and the bare coupling constants as independent parameters, while solving ℓ0
associated with the bare cosmological constant Λ0 in terms of these independent parameters
(ℓ, α) by the equation of motion such as (3.2). For the metric ansatz (2.1), the Brown-York
energy-momentum tensor is given by [47]
Tij = − 1
8π
(
Kij −Khij + 2α(3Jij − Jhij) + (d− 1)(3ℓ
2 − 2(d− 3)(d− 2)α)
3ℓ3
hij
)
,
Jij =
1
3
(2KKikK
k
j +KklK
klKij − 2KikKklKlj −K2Kij) . (3.4)
For the metric (2.1), the extrinsic curvature Kij is given by
Kij =
r
2ℓ
∂rhij . (3.5)
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Expanding Kij and K to the relevant order, we have
Kij =
r2
ℓ2
g
(0)
ij −
d− 2
2ℓ2
1
rd−2
g
(d)
ij + · · · , K =
d
ℓ
+ · · · . (3.6)
Before going on further, it is important to note that Trg(d) is expressed in terms of curvature
tensors associated with the boundary [36], hence we have used the fact that
Trg(d) = 0 (3.7)
for a flat boundary. Analogously, we find
KikK
k
j =
r2
ℓ2
g
(0)
ij −
d− 1
ℓ2
1
rd−2
g
(d)
ij + · · · ,
KklK
klKij =
d
ℓ3
r2g
(0)
ij −
d(d− 2)
ℓ3
1
rd−2
g
(d)
ij + · · · ,
KikK
klKlj =
r2
ℓ3
g
(0)
ij −
3d− 2
2ℓ3
1
rd−2
g
(d)
ij + · · · . (3.8)
With these, we conclude that
Jij = −(d− 2)(d − 1)r
2
3ℓ3
g
(0)
ij +
(d− 2)(d2 − 5d+ 2)
6ℓ3
1
rd−2
g
(d)
ij + · · · ,
J = −(d− 2)(d − 1)d
3ℓ3
+ · · · . (3.9)
Substituting (3.6), (3.9) and (2.2) back into (3.4), we arrive at the one-point function
〈Tij〉 = d
ℓ
κeff g
(d)
ij . (3.10)
Hence, the two-point functions of Einstein-Gauss-Bonnet gravity are given by (2.48) and
(2.49), provided that
CT = 16πκeff ℓd−1 = ℓd−1
(
1− 2α(d − 3)(d − 2)
ℓ2
)
. (3.11)
On the other hand, the a-charge of Einstein-Gauss-Bonnet gravity in arbitrary dimensions
was previously obtained, given by [38,39]
a = ℓd−1
(
1− 2α(d − 1)(d − 2)
ℓ2
)
. (3.12)
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It is remarkably clear that the identity (1.5) is valid. In particular, whenD = 5, d = 4, it was
shown that CT = c [31]. This implies that the a-charge and c-charge in a four-dimensional
CFT can be simply related by
c = 13ℓ
∂a
∂ℓ
. (3.13)
We shall confirm this identity in massless Einstein-cubic gravities as well in section 5.
It is important to note that in this paper we express the holographic a and c charges in
terms of the AdS radius ℓ and bare coupling constants, such as α for the Gauss-Bonnet term.
The relation (3.13) and (1.5) hold only when these parameters are treated as independent.
Our expressions are different from those in literature. For example, in [31,38,39], the charges
were expressed in terms of the radius L (ℓ0 in our notation) of bare cosmological constant,
and it follows that neither the relation (3.13) nor (1.5) were manifest.
4 Einstein-Lovelock Gravities
The bulk action of general Lovelock gravities [16] is given by
Sbulk =
1
16π
∫
M
dd+1x
√−gL, L =
∑
k
akEk , (4.1)
where
Ek =
(2k)!
2k
δµ1µ2···µ2kν1ν2···ν2k R
ν1ν2
µ1µ2R
ν3ν4
µ3µ4 · · ·R
ν2k−1ν2k
µ2k−1µ2k . (4.2)
The multi-index Kronecker delta symbol is defined as follows
δµ1µ2···µ2kν1ν2···ν2k = δ
[µ1
ν1 δ
µ2
ν2 · · · δµ2k ]ν2k . (4.3)
We further set the bare cosmological constant and Newton’s constant by
a0 =
d(d− 1)
ℓ20
, a1 = 1 . (4.4)
The radius ℓ of the AdS vacuum satisfies the algebraic equation [48]
∑
k≥0
d!
(d− 2k)! (−
1
ℓ2
)kak = 0 . (4.5)
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We find that the effective Newton constant of Lovelock gravity is given by
κeff =
1
16π
∑
k≥1
(−1)k+1k(d− 2)!ak
ℓ2(k−1)(d− 2k)! . (4.6)
The Gibbons-Hawking surface term and the counterterms with respect to the flat bound-
ary can be found in [48]; they are given by
SGH =
1
16π
∫
∂M
dd
√
−h
∑
k≥1
L
(k)
GH , L
(k)
GH =
(−1)k−1(2k)!ak
2k − 1 δ
i1···i2k−1
j1···j2k−1
Kj1i1 · · ·K
j2k−1
i2k−1
,
Sct =
1
16π
∫
∂M
ddx
√
−h
∑
k≥1
2k(−1)k(d− 1)!ak
(2k − 1)(d− 2k)! (
1
ℓ
)2k−1 . (4.7)
It was shown [48] that the linearized perturbation of one-point function is
δTij =
∑
k≥1
(−1)kk(d− 2)!ak
8π(d− 2k)! ℓ
2(1−k)δKij(g) , (4.8)
where Kij(g) stands for the extrinsic curvature with respect to the metric gij in (2.1), which
can be expanded as
Kij(g) =
r
2ℓ
∂rgij = − d
2ℓ
g
(d)
ij + · · · . (4.9)
Hence we have
δTij =
∑
k≥1
(−1)k+1k(d− 2)!dak
16πℓ2k−1(d− 2k)! δg
(d)
ij . (4.10)
Thus we see that the two-point functions for generic Einstein-Lovelock gravities are given
by (2.48) and (2.49) with
CT = 16πκeffℓd−1 = ℓd−1
∑
k≥1
(−1)k+1k(d− 2)!
ℓ2(k−1)(d− 2k)! ak . (4.11)
To obtain the a-charge of Lovelock gravity, we employ the trick of the reduced FG
expansions developed in [32,49]. (See also, e.g. [50]). Considering a special class of the FG
coordinates
ds2D =
ℓ2
4r2
dr2 +
f(r)
r
dΩ2d , (4.12)
where the AdS boundary is located at r = 0, we find
Rjrir = F1δ
j
i , R
kl
ij = F2(δ
k
i δ
l
j − δkj δli) , F1 = −
2r2ff ′′ − r2f ′2 + f2
ℓ2f2
,
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F2 = −−rf(ℓ
2 + 2f ′) + r2f ′2 + f2
ℓ2f2
. (4.13)
The bulk action is then given by
Sbulk =
1
16π
∫
dd+1x
√−g
∑
k
ak
( d!
(d− 2k)!F
k
2 +
2k d!
(d− 2k + 1)!F
k−1
2 F1
)
. (4.14)
We expand f as
f = f0 + f2r + f4r
2 + f6r
3 + · · · . (4.15)
Following the procedure developed in [32,49], we have
f2 = −ℓ
2
2
, f4 =
ℓ4
16f0
, f2i = 0 , i ≥ 3 . (4.16)
We can then read off the a-charge:
a = ℓd−1
∑
k≥1
(−1)k+1k(d− 2)!
ℓ2k(d− 2k + 1)! ak . (4.17)
It is easy to verify that (1.5) is again valid.
5 Einstein-Riemann Cubic Gravities
The crucial property in our derivation is that the linearized spectrum of the AdS vacuum
involves only the massless graviton, governed by the linearized equations of motion (2.11).
Einstein gravity, Einstein-Guass-Bonnet and Einstein-Lovelock gravities clearly all have this
property. In fact these theories are of two derivatives in any background. For AdS vacua, the
condition can be relaxed and in this section, we consider Riemann cubic extended gravities.
5.1 The action
The bulk action of Einstein gravity extended with generic Riemann cubic invariants is
S =
1
16π
∫
M
dd+1x
√−gL , L = R+ d(d− 1)
ℓ20
+H(3) , (5.1)
where H(3) is given by
H(3) = e1R
3 + e2RRµνR
µν + e3R
µ
νR
ν
ρR
ρ
µ + e4R
µνRρσRµρνσ
+e5RR
µνρσRµνρσ + e6R
µνRµαβγRν
αβγ + e7R
µν
ρσR
ρσ
αβR
αβ
µν
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+e8R
µ
ν
α
βR
ν
ρ
β
γR
ρ
µ
γ
α . (5.2)
The bare and effective cosmological constants are related by [32]
1
ℓ20
− 1
ℓ2
− (d− 5)
(d− 1)ℓ6
(
d2(d+ 1)2e1 + d
2(d+ 1)e2 + d
2e3
+d2e4 + 2d(d + 1)e5 + 2de6 + 4e7 + (d− 1)e8
)
= 0 . (5.3)
It is necessary to add the Gibbons-Hawking surface term to make the variation principle
well defined. To do this, we define
Pµνρσ ≡ ∂L
∂Rµνρσ
= P 0µνρσ +
8∑
i=1
eiP
i
µνρσ , (5.4)
where
P 0µνρσ =
1
2(gµρgνσ − gµσgνρ) , P 1µνρσ = 32(gµρgνσ − gµσgνρ)R2 ,
P 2µνρσ =
1
2(gµρgνσ − gµσgνρ)RαβRαβ
+12R (gµρRνσ − gµσRνρ − gνρRµσ + gνσRµρ) ,
P 3µνρσ =
3
4
(
gµρRνγRσ
γ − gµσRνγRργ − gνρRµγRσγ + gνσRµγRργ
)
,
P 4µνρσ =
1
2(gνσRµαρβ − gνρRµασβ − gµσRναρβ + gµρRνασβ)
+12(RµρRνσ −RµσRνρ +Rαβ) ,
P 5µνρσ =
1
2(gµρgνσ − gµσgνρ)RαβγηRαβγη + 2RRµνρσ ,
P 6µνρσ =
1
2(R
α
νRµαρσ +R
α
σRµνρα −RαρRµνσα −RαµRναρσ)
+14(gνσR
αβγ
µ − gµσRαβγν )Rραβγ + 14 (gµρRαβγν − gνρRαβγµ )Rσαβγ ,
P 7µνρσ = 3R
αβ
µνRρσαβ , P
8
µνρσ =
3
2(Rµ
α
ρ
βRνασβ −RµασβRναρβ) . (5.5)
The surface term is then given by [51]
SGH =
1
4π
∫
∂M
ddx
√
−hΦµνKνµ , Φµν = Pµρνσnρnσ , (5.6)
where nµ, in our coordinate choice (2.1), is given by
nµ =
r
ℓ
(
∂
∂r
)µ . (5.7)
It is important to note that in this description, Φµν is auxiliary and does not involve in the
variation of δgµν . We shall also need to include the appropriate counterterm so as to make
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the on-shell action finite. After some algebra, we find that the counterterm associated with
the flat boundary is given by
Sct = − 1
8π
∫
ddx
√
−h 3(d− 1)
ℓ5
(
1
3ℓ
4 + d2(d+ 1)2e1 + d
2(d+ 1)e2
+d2e3 + d
2e4 + 2d(d + 1) e5 + 2d e6 + 4e7 + (d− 1)e8
)
. (5.8)
As we shall discuss in the next subsection, for appropriate coupling constants, the cubic
theory becomes massless gravity where the massive scalar and spin-2 modes are decoupled.
In this case, we can introduce the Gibbons-Hawking surface term without needing the
auxiliary field. We find
SGH =
1
4π
∫
∂M
ddx
√
−h P˜µνρσ Kµρ nνnσ , (5.9)
where
P˜µνρσ = P
0
µνρσ +
1
5
8∑
i=1
eiP
i
µνρσ . (5.10)
The variation of the action with respect to δgµν now requires varying all the fields in the
integrand. The “1/5” factor in the surface term is analogous to the “1/3” factor in the
Gibbons-Hawking term in Einstein Gauss-Bonnet gravity (3.1). Consequently, we now
require a different counterterm, given by
Sct = − 1
8π
∫
ddx
√
−h 3(d− 5)
5ℓ5
(5(d− 1)
3(d− 5)ℓ
4 + d2(d+ 1)2e1 + d
2(d+ 1)e2
+d2e3 + d
2e4 + 2(d + 1)d e5 + 2d e6 + 4e7 + (d− 1)e8
)
. (5.11)
It should be emphasized that the boundary terms (5.6) and (5.8) are generally valid; on
the other hand, the new boundary terms (5.9) and (5.11), which are more convenient for
performing variations, are valid only for massless cubic gravities. As we shall see in the
next subsection, for massless cubic gravities, the Brown-York energy-momentum tensors
associated with the linear perturbations around the AdS vacuum can be derived from the
two seemingly different boundary terms, and the results turn out to be identically the same.
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5.2 Two-point functions
The decoupling of both the massive scalar and spin-2 modes requires, (see e.g. [18,32,52],)
(d+ 1)de2 + 3de3 + (2d− 1)e4 + 4(d+ 1)de5 + 4(d + 1)e6 + 24e7 − 3e8 = 0 ,
12(d+ 1)d2e1 +
(
d2 + 10d + 1
)
de2 + 3(d+ 1)de3 +
(
2d2 + 5d− 1) e4
+4(d+ 5)de5 + 4(2d+ 1)e6 + 3(d− 1)e8 + 24e7 = 0 . (5.12)
The remaining six-parameter theory is what we call massless cubic gravity and the linearized
equation of motion around the AdS vacuum is given by (2.11) with
κeff =
1
16π
(
1 +
1
ℓ4
(d− 5)(d− 2)(3(d + 1)de1 + 2de2 + e4 + 4e5)
)
. (5.13)
Further specialization of the parameters can yield quasi-topological gravity [44,53,54], Ein-
steinian cubic gravity [18,55] or quasi-topological Ricci polynomial gravity [20].
For this generic massless cubic gravity, a covariant Brown-York energy-momentum ten-
sor is not available in the literature. We instead adopt the second equation in (2.4) to derive
the one-point function. We substitute the flat FG expansion (2.2) into the total action with
(5.1), (5.6) and (5.8). We then perform the variation associated with g(0)ij , keeping in mind
that Φµν should be left unvaried, we arrive at the one-point function:
〈Tij〉 = d
ℓ
κeff g
(d)
ij . (5.14)
Alternatively, we use the total action involving (5.1), (5.9) and (5.11) and vary all the fields
associated with g(0)ij , and we find that the result turns out to be identically the same.
Having obtained the one-point function, it follows from our earlier discussions that the
two-point functions are given by (2.49), with the coefficient CT
CT = 16πκeffℓd−1
= ℓd−1
(
1 +
1
ℓ4
(d− 5)(d − 2)(3(d + 1)de1 + 2de2 + e4 + 4e5)
)
. (5.15)
On the other hand, the holographic a-charge for the massless cubic theory in arbitrary
dimensions is [32]
a = ℓd−1
(
1 +
1
ℓ4
(d− 2)(d− 1)(3(d + 1)de1 + 2de2 + e4 + 4e5)
)
, (5.16)
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Thus we see that the relation (1.5) is indeed valid.
It is also intriguing to note that in D = 5 (d = 4), the c-charge for the massless cubic
theory is [32]
c = ℓ3 − 2(60e1 + 8e2 + e4 + 4e5)ℓ−1 . (5.17)
Thus in d = 4, we have CT = c, and the relation (3.13) is again established. Recalling also
the remarks at the end of section 3 for the Einstein-Gauss-Bonnet theory, we have sufficient
evidence to conjecture that the relation (3.13) between c and a charges is a general property
of CFTs in four dimensions.
6 Conclusion
In this paper, we considered Einstein gravity extended with general classes of higher-order
curvature invariants. For appropriate coupling constants, these theories admit the AdS
vacuum of certain radius ℓ. We restrict to massless higher-order gravities where the lin-
earized spectrum around the AdS vacuum involves only the massless graviton, satisfying
the linearized equation (2.11), where the effective Newton’s constant 1/κeff is modified by
the higher-order contributions.
We derived the covariant holographic two-point functions of these pure gravity theories
in the AdS vacuum. We presented the results in both momentum and configuration spaces.
We first demonstrated that the two-point functions can be organized in a universal form
(1.3) up to a theory-dependent constant CT . We found that CT = 16πκeffℓd−1, which is not
surprising. However, we further found that this quantity was related to the holographic
a-charge by a universal expression
CT = 1
d− 1ℓ
∂a
∂ℓ
. (6.1)
We verified this relation, using large classes of massless high-order gravities, including
quasi-topological Ricci polynomial, Einstein-Gauss-Bonnet, Einstein-Lovelock and Einstein-
Riemann cubic gravities. It should be understood that the a-charge in (6.1) is given as
function of the AdS radius ℓ and bare coupling constants of higher-order curvature invari-
ants as independent variables, whilst the bare cosmological constant is solved in terms of
these variables by the equations of motion.
Another intriguing observation is that the holographic c and a charges in d = 4 are
related by (3.13). It is of great interest to investigate the higher-dimensional generalization
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of this relation. Since we derived the relations using the holographic technique, it is of great
importance to test these holographic conclusions directly in conformal field theories.
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A Asymptotic Behavior of Hankel Functions
The two-point functions we obtained in this paper involve the linear graviton modes, the
overall coefficient thus depends on the normalization of these modes. It follows from the
discussions in section 2, we need to the normalize the function r−
d
2H d
2
( |p|ℓr ). To be specific,
we introduce a normalization factor C such that
lim
r→∞
C r−
d
2H d
2
(
|p|ℓ
r
) = 1 . (A.1)
The asymptotic behavior of r−
d
2H d
2
( |p|ℓr ) is
r−
d
2H d
2
(
|p|ℓ
r
) = − i2
d/2Γ(d2)(ℓp)
− d
2
π
− i2
d
2
−1Γ(d2)(ℓp)
2− d
2
π(d− 2)r2 −
i2
d
2
−3Γ(d2)(ℓp)
− d
2
π(d− 4)(d − 2)r4
+ · · ·+ 2
− d
2 (ℓp)d/2(π − i cos(πd2 )Γ(d2 + 1)Γ(−d2 ))
πΓ(d2 + 1)
1
rd
+ · · · . (A.2)
The normalization factor C can be easily determined, given by
C =
iπ(ℓp)
d
2
2d/2Γ(d2)
. (A.3)
However, there are some subtleties that are worth discussing here. The normalized function
approaches the AdS boundary as
C r−
d
2H d
2
(
|p|ℓ
r
) = 1 +
ℓ2p2
2(d− 2)r2 +
ℓ4p4
8(d− 4)(d − 2)r4 + · · ·
−2
−dπℓd(−i+ cot(dπ2 ))
Γ(d2 + 1)Γ(
d
2 )
pd
rd
+ · · · . (A.4)
25
Thus when d is odd, we can simply read off the coefficient in (2.36):
N(d, p) =
i2−dπℓd
Γ(d2 + 1)Γ(
d
2 )
pd , d = odd . (A.5)
Note that cot(dP i/2) = 0 for odd d. The situation becomes more complicated when d = 2k
is even. Firstly the above expression is divergent. Secondly, an additional term of order
1/rd emerges in the ellipses in the first line of (A.4) and it diverges too! After using the
dimensional regularization scheme d = 2k + ǫ, this new term is given by
1
2kk!
(d− 2k − 1)!
(d− 2)!
(ℓp)2k
r2k
=
1
22k−1k!(k − 1)!ǫ
(ℓp)2k
r2k
− 1
22kk!(k − 1)! (γ + Γ(0, k))
(ℓp)2k
r2k
.
(A.6)
We can now easily verify that the divergent part of (A.6) cancels exactly the divergent part
in the second line of (A.4), i.e
− 2
−dπℓd(−i + cot(dπ2 ))
Γ(d2 + 1)Γ(
d
2 )
pd
rd
= − 1
22k−1k!(k − 1)!ǫ
(ℓp)2k
r2k
− 1
22k−1k!(k − 1)!
(ℓp)2k log p
r2k
+ · · · ,
(A.7)
where the dots represent further finite terms with the factor of p
2k
r2k
. Note that in even
d = 2k dimensions, terms of pn for n ∈ Z+ contribute nothing to the two-point functions,
since they are the contact terms contributing nδ(x). The relevant nontrivial term of order
1/r2k thus involves p2k log p only, from the second line of (A.4). Thus we have
N(d, p) = − 2
−d+1
Γ(d2 + 1)Γ(
d
2 )
(ℓp)d log p , d = even . (A.8)
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